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P(n) and P,(n) denote the number of (unordered) partitions of n and the num- 
ber of partitions of n into m parts. respectively. For P(n). there exists a recursion 
formula which is shown in Eq. (3) and a complicated formula indicated in J. L. 
Doob er al. (“Hans Rademacher: Topic Analytic Number Theory,” Springer- 
Verlag, Berlin/New York, 1973, p. 275, which is accompanied with the error term. 
For P,(n), there is no general rule known covering all m (Doob et al., p. 222). In 
this article, P(n) and P,(n) are represented by determinants. Note that the deter- 
minant of the former agrees with the above recursion formula and the finite product 
of binomials analogous to Euler identity, which is indicated in (S), leads to the 
representation of the latter. The computation of determinant is a little troublesome, 
but it is very important that the representations themselves of the number of par- 
titions are simple, if we make use of the determinant. ‘i’ 1987 Academic Press, Inc. 
1. INTRODUCTION 
The purpose of this article is to solve the problem mentioned in Ref. [ 1, 
p. 2221 by using the determinant. Let us designate the number of (unor- 
dered) partition of n, P(n), and the number of partitions of n into m parts 
P,(n), respectively. The polynominal is preferable to the determinant in the 
representation of P,(n). But the coeffkients of polynomial of P,(n), which 
covers all m, are possibly uniquely determined from the first term to the 
middle term. In contrast, the coeffkients are complicated in terms of lower 
degree, the accomplishment of which will be, hopefully, made. 
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Indeed, 
P,(n) = 
,,-1+m(m-l)(m-3+ 
4 
+&m(m- l)(m-2) 
x(9m3-58m2+75m-2)nmp3+ & m’(m - 1)2 (m - 2)(m - 3)2 
x(3m2-19m+2)nmp4+... 
1 
This formula is valid till the [m(m + 1)/2]th term from the first term. See 
Ref. [2]. 
2. REPRESENTATION OF P(n) 
Note lirst P(n) = Pn(2n) is a special case of P,(n), and that the first 
proof of (2) is involved in the latter case (8). 
If we adopt the coefficients F(n) in Euler identity, namely, 
F(n)= o 1 
(-Ilk if n=(3k’fk)/2 
if not 
which is associated with P(n) in the identity 
( 1+ f F(n) Y 1 + f P(n) .Y = 1 “=l >( ,z = 1 > (1) 
then we can represent P(n) as 
F(l) 1 
50) F(l) 1 “...... 0 
9-(3) P(n)=(-1)” . F(2) F(l) ‘,., . . 
F(n - 1) qz’- 2) qn- 3) 
. (2) 
. . . F(l) ‘.. 1 
F(n) Y-(n-l) qn-2) ... F(2) F(1) 
If we now try to expand this determinant successively from the n-row, then 
P(n) = c 
lp, +2p2+ ... +np, 
(-1)p,+p2+ “’ +pn (PI ;~:,:-;:“J 
.... n * 
x F( l)P’ 9-(2)P2...F(n)k 
This formula leads to the next theorem. 
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THEOREM. The Algebraic sum of the sign ( - 1 )‘I + “’ + Pn .Y( 1 )P’....F(n)Pn 
given to each ordered partition qf (p, + .. +p,)!/p, !...p,,! numbers which 
are yielded by the parts 
151 , . . . , n% 
consisting of only the coefficients in Euler identity, is equal with the number 
of partitions of n. 
If we try next to expand the determinant of (2) succesively from the first 
column, we have 
n-l 
P(n) = -F(n) - C P(n -k) F(k) 
k=l 
=P(n-l)+P(n-2)-P(n-5)-P(n-7) 
+ . . . +(-l)k-lp(n-~)+(-l)k-lp(n-~) 
+ ... -P(2) F(n - 2)- P(1) F(n - 1) -F(n). (3) 
This is the famous recursion formula of P(n). The reverse of (2) holds well, 
because there is a symmetry between F(n) and P(n) in (1). 
3. REPRESENTATION OF P,(n) 
+ lv2 ak(m) xk a. The identity (1 -x)(1 -x’)...(l -x’“)= 1 +cFLrn, 
We recall the identity as 
(1 -x)(1 -x’)...(l -P) f P,(n+m 
fl=O 
)xfl=l. (4) 
But it is not difficult to see that the n-tuple products of parentheses in (4) 
are of the form 
(1 -x)(1 -x’)...(l -xrn) 
m(m + I )I2 
=l+ c c 
( -1 )m + ... +~m xk. (5) 
k=l lp, + “’ +mp,=k 
OGPl.....Pm<l 
Hence, replacing CIP, +. +mp,=k.O<p,,...,p,<l (-l)“*” +JJ, by a,(m), (4) 
will be 
( 
rn(m + I )/2 
l+ c ak(m)xk 5 P,(n+m)x”= 1. 
k=l > n=O 
(6) 
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Comparing the coeticients of x on both sides in (6), we obtain 
P,(n + m) + P,(n + m - 1) a,(m) + P,(n + m - 2) a*(m) 
+ ... +P, 
( 
n+m- 
m(m+ 1) 
2 1 a,(, + 1jdm) = 0. (7) 
b. Properties of cl,Jm) 
(1) We can derive the following relations, accordingly as m is even or 
odd, 
Clk(m)=Cl(m(m+,),Z)-k(m) and dm) = -q,(, + 1 j,2j -dm). 
Because if the solution to lP, + . .. + mP, = k, 0 6 P, ,..., P, d 1 is 
- . . . 
?:eyp?$<o 
=P - 1 we have PC(,) = Prc2) = . . = Pccrj = 1, which 
the rfzinder of 1, 2 ,..., m, from which l(l), l(2) ,..., c(s) 
are taken off, as the solution to 1P, + . .. + mP, = (mfm + 1)/2) -k, 
O<P1,..., P,< 1. 
Moreover, when m is even, the remainder resulting from the division of 
subscript s by 2 coincides with that in the case of subscript t and does not 
coincide when it is odd. 
(2) Recalling a combinatorial interpretation, we may use qkJ to 
evaluate cl,(m), if k = l,..., m. 
Furthermore, let us adopt the convention F(O) = 1, and think of the 
infinite number of products in (5). Also add suitable numbers in the 
parentheses which successively appear after the m-tuple products in (5) and 
expand them, and we can derive the relations 
~k(m)=~(k)+~(0)+~(l)+ ... +F(k-m-l) 
(if m<k<2m+2) 
+ ... +a,-,-,(m+l)+cr,~,-,(m) 
if 2m+2<k< 
m(m- 1) 
2 
and k is even 
+ ... +ak-m-z(m+ l)+cr,-,-,(m) 
if2m+2<k< 
m(m- 1) 
2 
and k is odd 
> 
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c. Representation of P,(n) 
Let us come back to the formula (7). When n = 0, l,..., m(m + 1)/2 ,..., we 
have 
P,(m)= 1 
P,(m + 1) + P,(m) cc,(m) = 0 
P,(m + 2) + P,(m + 1) q(m) + P,(m) cl*(m) = 0 
p m+m(m+l) 
m  
( 2 > 
The matrix form is 
1 
a,(m) 1 
aAm) a,(m) 1 0 
‘. 
qm(m + I ,,*(n2) a,(m) 1 
0 ‘! . . . . 
. . ‘. . . ‘. 
: ‘. ‘. 
o...o 
chm+ 11l2,(m) t . a,(m) 1 
p,(m) 
pm@+ 1) 
P,(m + 2) 
P”, ( 
m(m+ 1) 
m+---- 
2 
Observe that P.,Jn) is (n-m + 1, 1) element of the inverse matrix to the 
coefficient matrix, and then we obtain 
P,,,(n) = (- 1 ymm 
x 
a,(m) 1 
ah) al(m) 
adm) adm) ‘.. . 
‘.. 
. 
atmlm+ I,12,(m) atm,m+l,dm) ..: Mm) a,(m) 
0 
.  .  
.  
.  
1 
0 0 ~t,~,~+ 1,,2,(m) a+++ Lj~2j- !(m) 
0 
al(m) 1 ‘. aAm) a,(m) 
(m>n), (8) 
where the degree of the determinant is n -m 
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d. Recursion of P,,,(n), etc. 
Substituting d(n -m) for the determinant on the right of (8) and trying 
its successive expansions from the first column, we have 
P,(n)= ( -l),-m a,(m) d(n -m - 1) -q(m) d(n - 2 -m) 
+ q(m) d(n - m - 3) 
+ .I. +( -l)(m(m+1”2)P1 c1f,C,+,b,2Jm)d 
( 
m(m+ 1) 
n-m- 2 
11 
= -cl,(m) P,(n - 1) - x2(m) P,(n - 2) 
_ . . . - ch,+ 1)l2dm) P ( m(m+ 1) n - > 2 . 
Recalling that cl,(n),..., q,(n) which agrees with F(l),..., T(n) and obser- 
ving that the determinant is of n degree, we can make use of (8) to verify 
F(l) 1 F(2) F(l) 0 
P,(2n)= (-1)” i . . .. , 
%T(n-1) Y(n-2) “. 9-(l) 1 
y(n) F(n- 1) ... F(2) Y(1) 
which corresponds to (2). For example 
-1 1 
-1 -1 1 
0 -1 -1 . . . 
0 0 - 1 . ..y*... 
0 
2 0 0 . . . . . .._ 
P,(n)=(-1)“+4 
. . . . . . . . . . . . . . . . . . . . .. 1. 
0 0 ..: 
. 
0 1"-;' -; ; &) 6 1,"-1 
(n>,5) 
=P4(n-~)+P4(n-2)-2P4(n-5)+P4(n-8)+P4(n-9)-P4(n-~O), 
where the degree of this determinant is n - 4. 
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